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REGULAR REPRESENTATIONS OF LATTICE ORDERED 

SEMIGROUPS 

BOYU LI 


Abstract. We establish a necessary and sufficient condition for a rep¬ 
resentation of a lattice ordered semigroup to be regular, in the sense 
that certain extensions are completely positive definite. This result gen¬ 
eralizes a theorem due to Brehmer where the lattice ordered group was 
taken to be As an immediate consequence, we prove that contractive 
Nica-covariant representations are regular. We also introduce an analog 
of commuting row contractions on lattice ordered group and show that 
such a representation is regular. 


1. Introduction 

A contractive map of a group has a unitary dilation if and only if it 
is completely positive definite, in the sense that certain operator matrices 
are positive. Consequently, for a semigroup P contained in a group G, a 
contractive representation of P has a unitary dilation if and only if it can 
be extended to a completely positive definite map on G. Introduced in [6], 
such representations on a semigroup are called completely positive dehnite. 
In particular, when the group is lattice-ordered, a representation is called 
regular if a certain natural extension to the group is completely positive 
dehnite. 

Nica m introduced the study of isometric representations of quasi-lattice 
ordered semigroups. This generalized the notion of doubly commuting rep¬ 
resentations of semigroups with nice generators. Laca and Raeburn |10] 
developed the theory, and showed there is a universal C'*-algebra for iso¬ 
metric Nica covariant representations. This held has also been explored in 

m- 

Davidson, Fuller, and Kakariadis dehned and studied contractive 

Nica-covariant representation on lattice ordered semigroups. The regularity 
of such representations was seen as a critical property in describing the 
C'*-envelope of semicrossed products. They posed a question [6l Question 
2.5.11] of whether regularity is automatic for Nica-covariant representations. 
Fuller [8] established this for certain abelian semigroups. 
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This paper answers this question affirmatively by establishing a necessary 
and sufficient condition for a representation of a lattice ordered semigroup 
to be regular. This condition generalizes a result of Brehmer [3], where he 
gave a necessary and sufficient condition for a representation of to be 
regular. As an immediate consequence of Brehmer’s condition, it is known 
that doubly commuting representations and commuting column contractions 
are both regular na Proposition 1.9.2]. This paper generalizes both results 
in the lattice ordered group settings. We first show that a Nica-covariant 
representation, which is an analog of a doubly commuting representation, is 
regular. We then introduce an analog of commuting column contractions, 
which is shown to be regular as well. 

2. Preliminaries 

Let G be a group. A unital semigroup P C G is called a cone. A cone P 
is spanning if PP~^ = G, and is positive when Pf^P~^ = {e}. A positive 
cone P defines a partial order on G via x < y when x~^y G P. (G, P) 
is called totally ordered if G = in which case the partial order 

on G is a total order. If any finite subset of G with a upper bound in P 

also has a least upper bound in P, the pair (G, P) is called a quasi-lattice 

ordered group. We call this partial order compatible with the group if for any 
X < y and g £ G, we always have gx < gy and xg < yg. Equivalently, the 
corresponding positive cone satisfies a normality condition that gPg~^ P P 
for any g £ G, and thus x < y whenever yx~^ £ P as well. When P is 

a positive spanning cone of G whose partial order is compatible with the 

group, if every two elements x,y £ G have a least upper bound (denoted 
by X V y) and a greatest lower bound (denoted by x A y), the pair (G, P) is 
called a lattice ordered group. It is immediate that a lattice ordered group 
is also a quasi-lattice ordered group. 

Example 2.1. (Examples of Lattice Ordered Groups) 

(1) (Z, Z>o) is a lattice ordered group. In fact, this partial order is also 
a total order. More generally, any totally ordered group (G, P) is 
also a lattice ordered group. 

(2) If (Gj, Pi)i£i is a family of lattice ordered group, their direct product 
(n Gj, n -Pi) is also a lattice ordered group. 

(3) Let G = Gm[ 0,1], the set of all continuous functions on [0,1]. Let 
P be the set of all non-negative functions in G. Then (G, P) is a 
lattice ordered group. 

(4) Let T be a totally ordered set. A permutation a on T is called order 
preserving if for any p,q £ T, p < q, we also have a{p) < a{q). Let 
G be the set of all order preserving permutations, which is clearly a 
group under composition. Let P = {a £ G : a{t) > t, for all t £ T}. 
Then {G,P) is a non-abelian lattice ordered group [T]. 

(5) Let F„ be the free group of n generators, and F+ be the semigroup 
generated by the n-generators. Then (F„,F+) defines a quasi-lattice 
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ordered group m Examples 2.3]. However, the induced partial 
order is not compatible with the group and the pair is not a lattice 
ordered group. 

For any element g € G of a lattice ordered group (G, P), g can be written 
uniquely as g = g+gZ^ where g+,g- G P, and g+Ag- = e. In fact, g+ = g\/e 
and g- = g~^ V e. Here are some important properties of a lattice ordered 
group: 

Lemma 2.2. Let {G,P) be a lattice order group, and a,b,cG G. 

(1) a{b\/c) = (a6)V(ac) and {bMc)a = (6a)V(ca). A similar distributive 
law holds for A. 

(2) (o A b)~^ = a~^ V h~^ and similarly (o V b)~^ = a~^ A b~^ . 

(3) a > b if and only if a~^ < b~^. 

(4) a(o A b)~^b = a\J b. In particular, when a Ab = e, ab = ba = aV b. 

(5) If a, b,c G P, then a A {be) < {a Ab){a A c). 

One may refer to [1] for a detailed discussion of this subject. Notice by 
statement (4) of Lemma ^I?2\ . q_ commute and thus g = g+gZ^ = gZ^9+- 

For a group G, a unital map S : G ^ B{'H) is called completely positive 
definite if for any gi,g 2 ,--- ,gn GG 

[Sig^'gj)]i<i,j<n>^- 

Here, i denotes the row index and j the column index, and we shall follow 
this convention throughout this paper. A well known result m, see also 
m Proposition 1.7.1]) stated that a completely positive definite map of G 
has a unitary dilation. The converse is elementary. 

Theorem 2.3. If S : G ^ B{'H) is a unital completely positive definite 
map. Then there exists a unitary representation U : G ^ B{KZ) where 

TL is a subspace of 1C, and that PHU{g)\-H = S{g). Moreover, this unitary 

representation can be chosen to be minimal in the sense of 1C = VgeG 

When {G, P) is a lattice ordered group, we may simultaneously increase 
or decrease gi so that it would suffices to take gi G P: 

Lemma 2.4. Let S : G ^ B{'H) be a map, then the following are equivalent: 

(1) > 0/o’' .9n^G; 

(2) [5(9.97')] 0 for any 51 , 52 , • • ■ , 9 nG G; 

(3) [S{p~^pj)] > 0 for any pi,P 2 , • • • ,Pn G P; 

(4) [S{pip~^)] > 0 for any pi,P 2 , • • • ,PnG P. 

Proof. Since G is a group, by considering g^ and g~^, it is clear that (1) 
and ( 2 ) are equivalent. Statement (1) clearly implies statement (3), and 
conversely when statement (3) holds true, for any 5 i,-" , 5 ^ G G, take 
5 = (5i)_- Denote Pi = g ■ gi and notice that from our choice of 5 , 

g>{gi)-- Hence, 

Pi = 9- (5i)I^ {9i)+ G P- 
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But notice that for each i,j, p- ^pj = g- ^ggj = gj ^gj- Therefore, 

> 0 . 

Similarly, statements (2) and (4) are equivalent. □ 

For the convenience of computation, when (G, P) is a lattice ordered 
group, S ■. G ^ B{%) \s called completely positive definite when 

For a spanning cone P C G, a, contractive representation T : P ^ B{P) 
is called completely positive definite when it can be extended to some com¬ 
pletely positive definite map on G. There is a well-known result due to 
Sz.Nagy that every contraction has a unitary dilation, and therefore, every 
contractive representation of Z_|_ is completely positive definite. Ando [2] 
further showed that every contractive representation of is completely 
positive definite. However, Parrott m provided an counterexample where 
a contractive representations on Zi]_ is not completely positive definite. 

For a completely positive definite representation T on a lattice ordered 
semigroup, one might wonder what its extension looks like. In a lattice 
ordered group (G, P), any element 5 € G can be uniquely written as g = 
g+gZ^ where g± G P and g+ A g- = e. Suppose U : G ^ B{KZ) is a unitary 
dilation of T, we can make the following observation. 

f[g) = PnU{g)\^ 

= PHU{g.YU{g+)\^. 

This motivates the question of whether the extension T[g) = T(g-)*T(g^) is 
completely positive definite. We call a contractive representation T right reg¬ 
ular whenever T defined in such way is completely positive definite. There is 
a dual definition that call T left regular (or *-regular) if T{g) = T{g^)T{g-)* 
is completely positive definite. 

When (G, P) is a lattice ordered group, (G, P“^) is also a lattice ordered 
group. A representation P : P —)• B{'H) give raise to a dual representa¬ 
tion T* : P~^ B{'H) where T*{p~Y = T{p)*. Consider g = g+gZ^ = 

gZ^ {gf^) \ we have 

f{g) = T{g_)*T{g+) = T* {gZ^)T* {gf^* = 

Hence, T agrees with T* on G. Therefore, we obtain the following Proposi¬ 
tion. 

Proposition 2.5. Let {G,P) be a lattice ordered group, and T : P ^ 
BfiH) be a representation and T* defined as above. Then the following are 
equivalent 

(1) T is right regular. 

(2) T* is left regular. 
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(3) For any pi,--- ,Pn^ P, [T{PiPj ^)] > 0 (equivalently, [T*{piPj ^)] > 

o;. 

Due to this equivalence, we shall focus on the right regularity and call a 
representation regular when it is right regular. Regular dilations were first 
studied by Brehmer [3], and they were also studied in [niE]. A necessary 
and sufficient condition for regularity for the abelian group iP was proven 
by Brehmer m Theorem 1.9.1]. 

Theorem 2.6 (Brehmer). Let Q be a set, and denote iP to be the set of 
(tuj)uiGn where t^^ £ h and t^^ = Q except for finitely many oj. Also, for a 
finite set R C D, denote ey £ Tp to be 1 at those u £ V and 0 elsewhere. If 
{TLjtjgo is a family of commuting contractions, we may define a contractive 
representation T : ^ B{I{) by 

TitpujGQ = 'Pp ■ 

Then T is right regular if and only if for any finite U C Q, the operator 

^(-l)l^lT(ey)*T(ev) >0. 

vcu 

It turns out that not all completely positive definite representations are 
regular. 


Example 2.7. It follows from Brehmer’s theorem that a representation T 
on Z^ is regular if and only if Ti = T(ei),T 2 = T{e 2 ) are contractions that 
satisfy 


Take Ti = T 2 


I - 

0 1 
0 0 


TfTi - TfT 2 + {T1T2YT1T2 > 0. 

and notice, 


/ - TfTi - TfT 2 + {T1T2YT1T2 = 

Brehmer’s result implies that T is not regular. However, from Ando’s 
theorem [2], any contractive representation on Z^ has a unitary dilation 
and thus is completely dehnite definite. 


1 0 
0 -1 


Isometric Nica-covariant representations on quasi-lattice ordered groups 
were first introduced by Nica [H]: an isometric representation W : G ^ 
B{TL) is Nica-covariant if for any x, y with an upper bound, WxWfWyW* = 
P^x\/yWf,yy. When the order is a lattice order, it is equivalent to the property 
that Ws,Wf commute whenever s At = e. Therefore, the notion of Nica- 
covariant is extended to abelian lattice ordered groups in [6], and we shall 
further extend such definition to non-abelian lattice ordered groups and call 
a representation T : P —> B{'H) Nica-covariant if T{s)T{tY = T{tYT{s) 
whenever s At = e. For a Nica-covariant representation T, since T{g~^) 
commutes with T{g~Y for any g £ G, there is no difference between left 
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and right regularity. It observed in [6] that Nica-covariant representations 
are regular in many cases. 

Example 2.8. (Examples of Nica covariant representations) 

(1) On (Z, Z_|_), a contractive representation T on Z_|_ only depends on 
Ti = r(l) since T(n) = T”. This representation is always Nica- 
covariant since for any s,t > 0, sAt = 0 if and only if one of s,t 
is 0. A well known result due to Sz.Nagy shows that its extension 
to Z by T(—n) = T*” is completely positive definite and thus T is 
regular. 

(2) Similarly, any contractive representation of a totally ordered group 
{G,P) is Nica-covariant. A theorem of Mlak |llj shows that such 
representations are regular. 

(3) (Z"',Z!j:), the finite Cartesian product of (Z,Z+) is a lattice ordered 

group. A representation T on Z” depends on n contractions Ti = 
r(l,0,--- ,0),T2 = r(0,l,0,--- = r(0,--- ,0,1). Notice 

T is Nica covariant if and only if Ti,Tj ^-commute whenever i ^ 
j. Hence Nica covariant representations are equivalent to doubly 
commuting. It is known |12( Section 1.9] that doubly commuting 
contractive representations are regular. 

(4) For a lattice ordered group made from a direct product of totally or¬ 
dered groups, Fuller [8] showed that their contractive Nica-covariant 
representations are regular. 

A question posed in [6l Question 2.5.11] asks whether contractive Nica- 
covariant representations on abelian lattice ordered groups are regular in 
general. For example, for G = 1] and P equal to the set of non¬ 

negative continuous functions, there are no known resnlts on whether con¬ 
tractive Nica-covariant representations are regular on such semigroup. Little 
is known for the non-abelian lattice ordered groups as well. In this paper, 
we establish that all Nica-covariant representations of lattice ordered semi¬ 
groups are regular. 

Let {G, P) be a lattice-ordered group, not necessarily abelian. Recall 
that the regularity conditions require a matrix involving entries in the form 
of T{pq~^) to be positive, where p,q € P. We start by investigating this 
quantity of pq~^. 

Lemma 2.9. Letp,q(zP. Then, 

= P{p/\q)~^ and, 

{pq~^)- = q{p/\q)~^. 

Proof. By property (1) and (2) in Lemma 12.21 

{pq~^)+ = ipq~^ V e) 

= p{q~^yp~^) 

= p{pAq)~^. 
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Similarly, =QiP^Q)~^- D 

Lemma 2.10. Let p,q,g € P such that g A q = e. Then (pg) A q = p A q. 
Proof. By the property (5) of Lemma 12.21 we have that 

{pg) q < {p ^ q){g ^ q) = p q- 

On the other hand, p A q is clearly a lower bound for both p < pg and q, 
and hence p Aq < {pg) A q. This proves the equality. □ 

Lemma 2.11. Let p,q & P. If g £ P is another element where g A q = t), 
then 

{pgq~^)- = {pq~^)- and, 

{pgq~^)+ = {pq~^)+g- 

In particular, if 0 < g < p, then 

{pg~^q~^)- = {pq~^)- and, 

{pg-^q-^)+ = {pq-^)+g-\ 

Proof. By Lemma [T9l we get {pgq~^)^ = pg{q I^pg)~^■ Apply Lemma [2.101 
to get 

{qApg)~^ = {qAp)~^. 

Now g A {p A q) = e and thus g commutes with p A qhy property (4) of 
Lemma 12.21 Therefore, 

{pgq~^)+ = pg{q/\pg)~^ 

= p{qAp)~^g 

= {pq~^)+g- 

The statement {pgq~^)- = {pq~^)-g can be proven in a similar way. 

Finally, for the case where 0 < < p, it follows immediately by consider¬ 
ing p' = pg~^ and thus p = p'g. □ 

Lemma 2.12. If pi,P 2 , ■ ■ ■ ,Pn ^ P and gi, - ■ ■ ,gn & P be such that gi < pi 
for all i = 1,2, ■ ■ ■ ,n. Then Af^iPigf^ < Af^iPi. In particular, when 
^i=iPi = e, we have Af^^pigf^ = e. 

Proof. It is clear that e < Pigf^ < Pi, and thus 

e < Pf:=iPig~^ < P^=iPi- 

Therefore, the equality holds when the later is e. □ 

3. A Necessary and Sufficient Condition For Regularity 

When T : P ^ B{'H) is a representation of lattice ordered semigroup, 
we denote T{g) = T{g~)*T{g^). Recall that T is regular if T is completely 
positive definite. The main result is the following necessary and sufficient 
condition for regularity: 
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Theorem 3.1. Let {G,P) be a lattice ordered group and T : P ^ B{%) 
he a contractive representation. Then T is regular if and only if for any 
Pi, - " ,Pn ^ P o,nd g € P where g A pi = e for all i = 1,2, ■■ ■ ,n, we have 


(*) 


T{g)*f{p,pf)T{g) < f{p,pj^) 




Remark 3.2. If we denote 


X = 


T{piPj 


and D = (l\a.g{T{g),T{g),-■ ■ ,T{g)), Condition (j*j) is equivalent of saying 
D*XD < X. Notice that we made no assumption on X > 0. Indeed, it 
follows from the main result that Condition Q is equivalent of saying the 
representation T is regular, which in turn implies X > 0. Therefore, when 
checking the Condition (j*j), we may assume X > 0. 


Remark 3.3. By setting pi = e and picking any g € P, Condition Q 
implies that T{g)*T{g) < I, and thus T must be contractive. 

The following Lemma is taken from [5l Lemma 14.13]. 


Lemma 3.4. If A,X,D are operators in B{Ti) where ^ > 0. Then a matrix 
A AAI’^X' 

is positive if and only if D > X*X. 


of the form 


XMV 2 


D 


Condition (j*j) can thus be interpreted in the following equivalent defini¬ 
tion. 


Lemma 3.5. Let pi, - ■ ■ ,Pn € P and g & P with g A pi 
i < n. Denote qi = pig, ■■■ ,qn = PnQ and qn+i = Pi,--- 


Condition is equivalent to 


T{q^q-^) 


> 0 . 


= e for all 1 < 
q2n = Pn- Then 


Proof. Let X = [f{piPj ^)] > 0 and D = dia.g{T{g),T{g), ■ ■ ■ ,T{g)). Notice 
by Lemma 12.111 that 

{pigpf^)+ = {piPf^)+g 
{pigpf^)- = {piPf^)-: 
and thus T{pigpJ^) = T{pip~^)T{g). Therefore, 


T{q^q-^) 


X XD 
D*X X 


Lemma 13.41 implies that this matrix is positive if and only if D*XD < X, 
which is Condition 0 □ 


We shall first show that 


T{piPj ^) >0 given pi Apj = e and Condition 
(0). This will serve as a base case in the proof of the main result. 


Lemma 3.6. Let [G, P) be a lattice ordered group, and T be a represen¬ 
tation on P that satisfies Condition &■ If Pi I^Pj = e for all i ^ j, then 


[f{piPj ^)] > 0 . 
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Proof. Let qi = e,q 2 = pi and for each 1 < m < n, recursively define 
g 2 ™-i+fc = Pmqk where 1 < fc < Since T is contractive, 

[Tiqiq~^)]i<i,j<2 = 

By Lemma [331 for each m, [T{qiq~^)]i<ij< 2 '^ > 0. Notice that q 2 m-i = Pm 
for each 1 < m < n. Therefore, [T{piPj^)] is a corner of [T{qiq~^)] > 0, and 
thus must be positive. □ 

For arbitrary choices of pi, • • • ,pn & P, the goal is to reduce it to the case 
where pi A pj = e. The following lemma does the reduction. 

Lemma 3.7. Let {G,P) be a lattice ordered group. Assuming T is a repre¬ 
sentation that satisfies Condition 

Assume there exists 2 < k < n where for each J C {1,2,-•• ,n} with 
\J\ > k, AjejPj = e. Then let g = A^^^pj and qi = pig~^, ■■■ ,qk= Pk9~^, 
and qk+i = Pk+i, ■■■ ,qn=Pn- Then [f{pipj^)] > 0 if [f{qiq~^)] > 0. 

Proof. Let us denote X = [T{qjq~^)] > 0 and its lower right {n — k)x (n — k) 
corner to be Y. Notice first of all, when i,j G {1, 2, • • • , k}, 

=Pi9~^gpJ^ =PiPj^- 

So the upper left A; x A: corner of [T{qiq~^)] and the lower right {n—k)x{n—k) 
corner of X are both the same as those in [T{pip~^)]. 

Now consider i € {1, 2, • • • , A:} and j G {A: + 1, • • • , n}. It follows from the 
assumption that g A pj = {Ag^^ps) Apj = e and g < Pi. Therefore, we can 
apply Lemma 12.111 to get 

{Pi9~^Pj^)- = (PiPj^)- 

{pig~^pj^)+ = {PiPj^)+g~^- 

Now g e P, so that T{{qiq~^)+)T{g) = T{{pipJ^)+) and T{{qiq~^)_) = 
T{{piP~^)-). Hence, 


T{q2q^ 




T{qiqfifi 

I 


> 0 . 


T{qiqj ^)T{g) = f{pip. ^). 

Similarly, for i G {A; + 1, • • • ,n}, j G {1,2, ••• , A:}, we have T{pip~^) = 

T{g)*T{qjq~^). Now define D = diag(I, • • • , I,T{g), ■ ■ ■ ,T{g)) be the block 
diagonal matrix with k copies of I followed by n — A: copies of T {g) . Consider 
DXD*: it follows immediately from the assumption that D*XD > 0. We 
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have, 


D*[f{q,q-^)]D 




T{PiPj^) 

f{qiq-yTig) 

■■■ T{gyf{q,q-^) ••• 

[T{grf{p,p-yT{g)] _ 


It follows from our previous computation that each entry in the lower left 
{n — k) X k corner and upper right k x [n — k) corner are the same as those 
in Hence, DXD* only differs from [Tipipj^)] on the lower right 

{n — k) X {n — k) corner. It follows from Condition Q that 


[T{grf{p,p-^)T{g)] < [f{p,pf)]. 


Hence, the matrix remains positive when the lower right corner \T{g)*T{pip- ^)T{g)] 
in D*XD is replaced by [T{pip~^)]. The resulting matrix is exactly [T{pip~^)], 
which must be positive. □ 


Now the main result (Theorem 13. 1 p can be deduced inductively: 

Proof. First assume that T : P ^ B{PL) is a representation that satisfies 
Condition Q, which has to be contractive. The goal is to show for any n 
elements pi,P2r " ^Pn ^ P, the operator matrix [T{pip~^)] > 0 and thus T 
is regular. We proceed by induction on n. 

For n = 1, T{pipf^) = / > 0. 

For n = 2, we have, 

[np^p-^)] = 

Here, T{p 2 Pi^) = TiPiPf^)*■, and they are contractions since T is contrac¬ 
tive. Therefore, this 2x2 operator matrix is positive. 

Now assume that there is an N such that for any n < N, we have 
[T{piP~^)] > 0 for any pi,P 2 , ■ ■ ■ ,Pn ^ P- Consider the case when n = N: 

For arbitrary choices pi, • • • ,pn G P, let g = /\^iPi, and replace pi by 
Pig~^. By doing so, Pig~^ {Pjg~^) ^ = PiPf^i and thus they give the same 
matrix \F{pip~^y\. Moreover, f\^=iPig~^ = {f\f=iPi)g~^ = e. Hence, without 
loss of generality, we may assume /\^iPi = e. 

Let m be the smallest integer such that for all J C {1,2,-•• ,A^} and 
I J| > m, we have Aj^jpj = e. It is clear that m < N — 1. Now do induction 
on m: 

For the base case when m = I, we have pi Apj = e for all i ^ j. Lemma 
13.61 tells that Condition (j*|) implies \P{piPf^)] > 0. 

Now assume \P{piPf^)\ > 0 whenever m<M — 1<N — 1 and consider 
the case when m = M: For a subset J C {1,2,-- - ,n} with |J| = M, 


I Tipipf^) 
TiP2P7^) I 
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let g = Aj^jpj and set qj = pjg ^ for all j € J, and Qj = pj otherwise. 
Lemma [3771 concluded that [f{pip~^)] > 0 whenever [TiqiqJ^)] > 0 and the 
sub-matrix [f{pipJ^)]ij^j > 0 . 

Since |{1,2,--- ,A^}\J| = N — M < N, the induction hypothesis on 
n implies that [T{pipJ^)]ij^j > 0. Therefore, [T{pipJ^)] > 0 whenever 
[T{qiq~^)] > 0, and by dropping from pi to qi, we may, without loss of 
generality, assume that Aj^jpj = e. Repeat this process for all subsets 
J C {1,2,-•• ,n} where |J| = M, and with Lemma 12.121 we eventually 
reach a state when Aj^jpj = e for all J C {1,2,-•• ,N}, |J| = M. But 
in such case, for all |J| > M, we have Aj^jpj = e. Therefore, we are in a 
situation where m < M—1. The result follows from the induction hypothesis 
on m. 

Conversely, suppose that T is regular. Fix g G P and pi,P 2 ,- " iPk G P 
where 5 A p* = e for all z = 1, 2, • • • , fc. Denote qi = pig, q2 = P29, ■ ■ ■ = 

Pkg, and qk+i = Pi, qk+2 = P2, •'' ,Q2k= Pk- It follows from regularity that 
[T{qiq~^)] > 0, which is equivalent to Condition (j*j) by Lemma [T5l □ 

As an immediate consequence of Theorem [3Tl we can show that isometric 
representations on any lattice ordered group must be regular. 

Corollary 3.8. Let T : P ^ B{TL) he an isometric representation of a 
lattice ordered semigroup. Then T is regular. 

Proof. Take pi, - ■ ■ ,Pn G P and g G P with g A pi = e. It is clear that 
g A (j)ipj^^ = e and therefore g commutes with each (pipj^^ . Hence, 

T{grf{p,pf^)T{g) = T{gYT{{p,pf^).YT{{p,pf^) + )T{g) 

= T{{p,p-Y-YT{gYT{g)T{{p,p-Y+) 

= T{{p,pf)-YT{{p^pf)+)=f{p,pf). 

Therefore, \T{gYT{piPf^)T{g)] = \f{pip~Y] and Condition (jlj) is satished. 

□ 

For a contractive representation T, it would suffice to dilate it to an 
isometric representation. This provides an analog of [H Proposition 2.5.4] 
on non-abelian lattice ordered groups. 

Corollary 3.9. Let T : P ^ B{LL) he a contractive representation. Then T 
is completely positive definite if and only if there exists an isometric repre¬ 
sentation V : P ^ B{JC) such that P'H^{p)\-^ = T{p) for all p G P. Such V 
can he taken to be minimal in the sense that 1C = VpeP y{p)'ki- 

In particular, T is regular if and only if there exists such isometric dilation 
V and in addition, PhV{pY^= T{pYT{q) for allp,q G P withpAq = 
e. 

Proof. When T : P ^ ^{P) is completely positive definite and its extension 
5* to G has minimal unitary dilation U : G ^ let JC = Vpgp U{p)'H. It 
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is clear that K, is invariant for any U{p), p P. Define a map V : P ^ B{1C) 
via V{p) = P]cU{p)\^, which must be isometric due to the invariance of 
JC. V is an isometric dilation of T that satisfies PnVlp)!^ = T{p), and 
^ = \l{p)T~L- III other words, D is a minimal isometric dilation of T. 
In particular, when T is regular, for any p,q & P with p Aq = e 

TipyPiq) = PHU{prU{q)\^ 

= PnPKU{pru{q)\X 

= PHViprV{q)\^. 

Conversely, when V : P ^ B{1C) is a minimal isometric dilation of T, 
Corollary 13.81 implies that V is regular and thus completely positive definite. 
There exists a unitary dilation U : G ^ where PicU{p)\^ = V{p). 

Therefore, 

PhU{p)\^ = PHPKUip)\^ 

= PnV{p)\^=T{p). 

Hence, U is also a unitary dilation of T and thus T is completely positive 
definite. Moreover, when Pp^ipT^{ q)\'p = T{p)*T{q) for all p,q € P with 
p A q = e, hy the regularity of V, 

PHU{pru{q)\^ = PnPKU{pru{q)\^\^ = r(p)*r(g). 

Therefore, T{g) = T{g-)*T{g^) is completely positive definite and T is 
regular. □ 


4. Nica-covariant Representations 

In this section, we answer the question of whether contractive Nica- 
covariant representations are regular. It suffices to show contractive Nica- 
covariant representations on lattice ordered groups satisfy Condition (jTj). 

Theorem 4.1. A contractive Nica-covariant representation on a lattice or¬ 
dered group is regular. 

Proof. Let pi, • • • ,Pk & P and g G P with A p* = e for all i = 1, 2, • • • ,k. 
X = [f{pipjy] and D = diag(r(c/), r(p), • • • ,T{g)). By Remark [321 we 
may assume X >0. 

Since for each pi,pj G P, f{pip~y = T{py)*T{pP) where e < pP < 
Pi,Pj. Hence, g /\pfj = e and thus g commutes with pfy Therefore T{g) 
commutes with T{pfj) because T is a representation and it also commutes 
with T[p~-)* by the Nica-covariant condition. As a result, T{g) commutes 
with each entry in X, and thus D commutes with X. Similarly, D* com¬ 
mutes with X as well. 

By continuous functional calculus, since A > 0, we know D,D* also 
commutes with X^P. Hence, in such case, 

D*XD = D*X^Px^Pd = X^Pd*DX^P < X. □ 
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It was shown in [6l Proposition 2.5.10] that a contractive Nica-covariant 
representation on abelian lattice ordered groups can be dilated to an iso¬ 
metric Nica-covariant representation. Here, we shall extend this result to 
non-abelian case. 

Corollary 4.2. Any minimal isometric dilation V : P ^ B{1C) of a con¬ 
tractive Nica-covariant representation T : P ^ B{TP) is also Nica-covariant. 

Proof. Let T : P ^ B{T-L) be a contractive Nica-covariant representation. 
Theorem 14.11 implies that T is regular, and thus by Theorem 12.31 it has 
a minimal unitary dilation U : G ^ which gives rise to a minimal 

isometric dilation V : P ^ B{JC). Here fC = Vpep^(p)^ s-iicl V{p) = 
PjcU{p)\ic- Notice that K. is invariant for U and therefore, P]cU{p)*U{q)\]c = 
V{p)*V{q) for any p,q G P- In particular, if p A q = e, p, q £ P, we have 
from the regularity that 

TipTTiq) = PnUiprU{q)\n 

= PHiPKUiprU{q)\!c)\H 
= PHViprv{q)\n. 

Now let s,t £ P he such that sAt = e. First, we shall prove = 

V{t)V{s)*\n: Since {V{p)h : p £ P,h £ P} is dense in /C, it suffices to show 
for any h,k £ P and p £ P, 

{V{s)*V{t)h,V{p)k) = {Vit)V{s)*h,V{p)k). 

Start from the left, 

{visrv{t)h,v{p)k) 

= {v{prv{srv{t)h, k) = {v{sprv{t)h, k) 

= (fV{{sp A t)~^sp)*V{sp A t)*V{sp A t)V{{sp A t)~^t)h, k) 

= (y {{sp A t)~^sp)*V{{sp A t)~^t)h, k) 

= {T{{sp A t)~^sp)*T{{sp A t)~^t)h, k) . 

The last equality follows from {{sp A t)~^sp) A {{sp A t)~^t) = e and thus, 

T{{sp A t)~^spyT{{sp A t)~^t) = P-hV{{ sp A t)~^sp)*V{{sp A t)~^t)\n- 

Since sAt = e, Lemma [2T0] implies that spAt = pAt. Notice (pAt) As < 
tAs = e, and thus by Property (4) of Lemma [2.21 s commutes withpAt. By 
the Nica-covariance of T, this also implies T{s)* commutes with T{{pAt)~^t). 
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Put all these back to the equation; 

{T{{sp A t)~^sp)*T{{sp A t)~^t)h, k) 

= {T{s{p At)~^p)*T{{p At)~^t)h,k) 

= {T{{p A ty^pyTismip A t)-h)h, k) 

= {T{{p A tr^pTTiip A t)-H) {T{s)*h ), k) 

= {V{{p A t)-^p)*V{{p A t)-H) {Tisfh ), k) 

= {V{{p A t)-^prV{{p A t)-h) {V{s)*h ), k) 

= {V{prv{t) {Visyh), k) = {V{t)v{syh, v{p)k). 

Here we used the fact that Pu^{pyy{ q)\'H = T{pyT{q) whenever pAq = e. 
Also, that % is invariant under H(s)*, so that T{syh G /C is the same as 
V{syh. 

Now to show V{syV{t) = P(t)P(s)* in general, it suffices to show for 
every p G P, V{syV{t)V{p)\u = V{t)y{syV{p)\'n. Start with the left hand 
side and repeatedly use similar argument as above, 

y{syy{t)v{p)\n 

= y{syvtp\H = y {{s Atp)-^ syv {{s Atp)-^tp)\H 
= V{t{s Ap)~^p)V{{s Ap)~^sy\'H. 

= y{t{s Ap)~'^p)v{{s Ap)~'^sy\H 
= v{t)v{{sAp)-hyv{{sAp)-^p)\H = y{t)y{syy{p)\H. 

This finishes the proof. □ 

5. Row AND Column Contractions 

A commuting n-tuple (Ti, • • • ,T„) where each Tj G B{'H) is called a row 
contraction if ^ P Equivalently, the operator [Ti,T 2 , • • • ,T„] G 

is contractive. It can be naturally associated with a contractive 
representation T : Z” ^ B{7i) that sends the Ath generator e* to Tj. There 
is a dual definition called column contractions, when Tj satishes ^ 21=1 Pi Pi ^ 
I. It is clear that T is a row contraction if and only if T* is a column 
contraction. 

As an immediate corollary to Brehmer’s theorem fTheorem l2.6p . a column 
contraction T is always right regular m Proposition 1.9.2], and therefore 
a row contraction T is always left regular. This section generalizes the 
notion of row contraction to arbitrary lattice ordered groups and establishes 
a similar result. 

Definition 5.1. Let T : P — > P(P) be a contractive representation of a lat¬ 
tice ordered group (G, P). T is called row contractive if for any pi, - ■ ■ ,Pn € 
P where Pi y e and pi Apj = e for all i y j, 

n 

Y,p{p^)p{p^y < p 

i=l 
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Dually, T is called column contractive if for such pj, 

n 

Y,T{pi)*T{pi)<I. 

i=l 

Remark 5.2. Definition l5.1l indeed generalized the notion of commuting row 
contractions: when the group is (Z^,Z^) where D is countable, a represen¬ 
tation T : Z5j^ —)• B{'H) is uniquely determined by its value on the generators 
= T{ei^). T is called commuting row contraction when Yluj&n 
For any pi,--- ,pk € Z^ where pi A pj = 0 for all i ^ j and pi ^ 0, 
each Pi can be seen as a function from D to Z_|_ with finite support. Let 
S'j C D be the support of p*, which is non-empty since pi ^ 0. We have 
n ‘5'i = 0 since pi A pj = 0. Therefore, pick any Wj G Si and by T con¬ 
tractive, T{ijJi)T{ijJi)* > T{pi)T{pi)*. Since Si are pairwise-disjoint, uoi are 
distinct. Therefore, we get that 

n n 

Y,T{Pi)T{pir < Y,T{iVi)T{ujir < i. 

i=l i=l 

and thus T satisfies the Definition EH Hence, two definitions coincides on 

(z^,z5). 

Our goal is to prove the following result: 

Theorem 5.3. A column contractive representation is right regular. There¬ 
fore, a row contractive representation is left regular. 

We shall proceed with a method similar to the proof of Theorem 13.11 

Lemma 5.4. LetT be a column contractive representation. Letpi, ■ ■ ■ ,pn G 
P and pi, • • • ,gk G P where pi A p*/ = Pi A gj = gj A gji = e for all 1 < 
i ^ i' < n and 1 < j ^ f < k. Moreover, assume that gi ^ e. Denote 
X = [f{pipj^)] and Di = diag(r(pi), • • • ,T{gi)). Then, 

k 

^ D*XDi < X. 

i=l 

Proof. The statement is clearly true for all k when n = 1. Now assuming it 
is true for all k whenever n < N, and consider the case when n = N: 

It is clear that when all of the pi are equal to e, then X — Yli=i D^XDi 
is a n X n matrix whose entries are all equal to / — — 0, 

and thus the statement is true. Otherwise, we may assume without loss 
of generality that pi / e. Let qi = e and q 2 = P2, • ‘ ‘ Mn = Pn- Denote 
Xf) = [T{qiq~^)] and E = diag(/, r(pi), • • • , T(pi)) be a n x n block diagonal 
matrix. 

Denote Y = [T{pipjY] 2 <i,j<n and set Ei = diag(r(pj), • • • ,T{gi)) be a 
(n—1) X (n—1) block diagonal matrix. Finally, set Fifc+i = diag(r(pi), • • • ,T{pi)) 
be a (n — 1) x (n — 1) block diagonal matrix. 
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From the proof of Theorem 13.11 
X = E*XqE + 


0 


0 


0 Y-El^,YEk+^ 

Now y is a matrix of smaller size and thus by induction hypothesis, 

fc+i 

^ E*YEi < Y. 


i=l 


Hence, 


Y-El^^YEk+i > 


2 = 1 
k 


> Y.E*{Y-E*,^,YEk+i)Ei. 


2=1 


Also notice that E commutes with Di and therefore, if Yli=i E*XQDi < Xq, 
we have 

k 

^D*XD, 


2=1 


E* i^D*XoDAE + 


\i=l 


0 


0 


< E*XnE + 


0 0 
0 Y-El^,YEk+i 


0 ELiE*{Y-El^,YEk+,)E, 

= X. 


Hence, YlAiEiXDi < X if Y^AiEiXoDi < Xq. This reduction from X 
to Xq changes one p* 7 ^ e to e, and therefore by repeating this process, we 
eventually reach a state where all pi = e. □ 

The main result can be deduced immediately from the following Propo¬ 
sition: 


Proposition 5.5. Let T be a column contractive representation on a lattice 
ordered semigroup P. Let Pi, ■ ■ ■ ,Pn ^ P <ind 5 i, • • • , ff/c € P where gi Apj = 
e and gi A gi = e for all i < 1. Assuming gi ^ e and denote X = 
and Di = diag{T{gi), ■ ■ ■ ,T{gi)). Then 

k 

Y,D*XDi<X. 

2=1 

In particular, Condition is satisfied when k = 1. 

Proof. The statement is clear when n = 1. Assuming it’s true for n < N, 
and consider the case when n = N: Let m be the smallest integer such that 
for all J C {1,2, •• • ,N} and |J| > m, Aj^jpj = e. It was observed in the 
proof of Theorem 13.II that m < N — 1. Proceed by induction on m: 
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In the base case when m = 1, pi A pj = e for all i ^ j, the statement is 
shown in Lemma [5.4l Assuming the statement is true for m < M—1 < N—1 
and consider the case when m = M. For each J C {1,2,-- - ,N} with 
\J\ = M and A^ppj = g e, denote qi = pi when i ^ J and qi = qig~^ 
when i ^ J. Let Xq = [T{qiqJ^)] and E he a block diagonal matrix whose 
i-th diagonal entry is I when i ^ J and T{g) otherwise. Denote Y = 
[T{qiqJ^)]i,j^j and Ei = diag{T{gi), ■ ■ ■ ,T{gi)) with N - M copies of T{gi). 
Finally, let E^+i = diag{T{g), ■ ■ ■ ,T{g)) with N — M copies of T{g). 

From the proof of Theorem 13.11 by assuming without loss of generality 
that J = {1, 2, • • • , M}, we have 


A = E*XqE + 


0 0 
0 Y-El^^YEk+i 


Now Y has a smaller size and thus by induction hypothesis on n, 


k-\-l 

^ E*YEi < Y. 

i=l 


and thus 


Y-El^,YEk+i > ^E*YE, 

i=l 

k 


i=l 


Therefore, if D*XoDi < Xq, 
k 

J2d*xd, 


Z =1 


E* (J2d*XodAe + 


\i=l 


b 


0 


< E*XnE + 


0 0 
0 Y-E*^^YEk+i 


[0 EliE*{Y-E*^,YEk+i)E, 
= X. 


Hence, the statement is true for pi if it is true for q^, where Aj^jqj = e. 
Repeat the process until all such \J\ = M has Aj^jpj = e, which reduces 
to a case where m < M. This finishes the induction. Notice Condition (gj) 
is clearly true when g = e, and when g ^ e, it is shown by the case when 
m = 1. This finishes the proof. □ 


6. Brehmer’s Condition 

Brehmer [3] established a necessary and sufficient condition for a repre¬ 
sentation on P = to be regular (see Theorem 12.6p . This section explores 
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how Brehmer’s result relates to Condition (j*j) without invoking their equiv¬ 
alence to regularity. In particular, we show that Brehmer’s condition allows 
us to decompose certain X = \T{pi — Pj)] as a product R*R, where R is an 
upper triangular matrix. 

Let {T^}tj£n be a family of commuting contractions, which leads to a 
contractive representation on by sending each to For each [/ C fl, 
denote 

Zu= ^(-l)l^lr(eu)*r(ey). 
yet/ 

For example. 


= I 

fy _ V rp^ ty rp _ j rp^rp rp^rp , rp^rp^rp rp 

^{ 1 , 2 } — ^{ 1 } - - t 2 — J - - - t 2-^2 + ^ 2 -^ 1 -‘ 1-^2 


Brehmer’s theorem stated that T is regular if and only if Zjj > 0 for any 
finite subset ?7 C fl. We shall first transform Brehmer’s condition into an 
equivalent form. 

Lemma 6.1. Zu > 0 for each finite subset U O Q if and only if for any 
finite set J C 12 and uj € Q, u ^ J, 

T*ZjT^ < Zj. 

Proof. Take any finite subset J C 12 and uj ^ Q., uj ^ J. 
zj-t:zjt^ 

= Y, (-l)''"'T(ev')*r(ey) + ^ (-l)l'"l+ir:r(ey)*r(ev')r^ 
ycj ycj 

^ (-l)l'^lr(ey)*r(ey) + (-l)l^lr(ey)*r(ey) 

V(z{u}\Jj,i.o^v vc{uj}\Jj,ijev 

= 

Therefore, T*ZjTi^ < Zj if and only if Z^^y^jj > 0. This finishes the 
proof. □ 

A major tool is the following version of Douglas Lemma [7]: 

Lemma 6.2 (Douglas). For A,B ^ B{R), A*A < B*B if and only if there 
exists a contraction C such that A = CB. 

As an immediate consequence of Lemma 16.21 T*ZjTi^ < Zj is satisfied 

1/2 1/2 

if and only if there is a contraction such that Zfi = Wi^^jZf . 

Therefore, it would suffices to find such contraction Wi^^j for each finite 
subset J C 12 and a; € 12, a; ^ J. By symmetry, it would suffices to do so 
for each J„ = {1, 2, • • • , n} and Un = n + 1. Without loss of generality, we 
shall assume that 12 = N. 
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Consider V{Jn) = {U C J„}, and denote pjj = € Denote 

Xn = [T{pu — pv)] where U is the row index and V is the column index. 

Lemma 6.3. Assuming Zj > 0 for all J J^. Then for a fixed F C Jn, 
we have, 

Y, nzp^uTu = I. 

UCF 

Proof. We first notice that by dehnition, Zj = There¬ 

fore, 

UFF UFFVCF\U 

For a fixed set W C F, consider the coefficient of T^Tw in the double 
summation. It appears in the expansion of every T^Zp\^uTu, where U C 
IT, and its coefficient in the expansion of such term is equal to (— 
Therefore, the coefficient of T^Tw is equal to 

1^1 /IWl\ 

E(-i)i"''''i = E( )(-iu 

UCW i=0 ^ ^ 

This evaluates to 0 when |IT| > 0 and 1 when |IT| = 0, in which case, IT = 0 
and T\y = F □ 

Now can now decompose Xn = RnRn explicitly. 

Proposition 6.4. Assuming Zj > 0 for all J F Jn. Define a block ma¬ 
trix Rn, whose rows and columns are indexed by V{Jn), by Rn{U,V) = 
zY\ijJ'u\y whenever V C U and 0 otherwise. Then Xn = R^Rn 

Proof. Fix U,V C Jn, the (C/, T)-entry in Xn is f{pu - pv) = Tfi,^jjTjj\v. 
Now the ([/, T)-entry in R^Rn is equal to 

^ Rn{W,UrRn{W,V). 

WQJn 

It follows from the definition that i?n(IT, U)*RniW, T) = 0 unless U,V C IT, 
and thus C/|JT C IT. Hence, 

^ Rn{W,UrRn{W,V) 
w&v{JA 

= ^ '^w\uZjn\wTw\v 

u[jvcw 

= X] '^Y'^w\{u\jv)Zjn\wTw\iu[jV)Tw\u 

u[jvcw 

^ ^ '^w\{u[jv)Zj„\wTw\{u[jv)\ Tw\u- 
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If we denote F = Jn\{U U V) and W' = W\{U U V), since U\JV CW, we 
have Jn\W = F\W'. Hence the summation becomes 

X] '^w\{u{jv)^F\wTw\(U[jv) = X] 
uyjVQW w'cF 

which by Lemma 16.31 is equal to I. Therefore, the (C/, H)-entry in R^Rn is 
equal to Ty-^jjTyY\u and Xn = R^Rn C 

Remark 6.5. If we order the subsets of Jn by cardinality and put larger 
sets first, then since Rn{U,V) ^ 0 only when V C U, Rn becomes a lower 
triangular matrix. In particular, the row of 0 contains exactly one non-zero 
entry, which is at ( 0 , 0 ). 

Example 6.6. Let us consider the case when n = 2, and J 2 has 4 subsets 
{1,2}, {2},{1},0. Under this ordering. 


I 

Ti 

T2 

T1T2 

T* 

I 

TfTa 

T2 

-^2 

T*Ti 

I 

Ti 


rji^ 

^2 

T* 

I 


Proposition 16.41 gives that 

7 Ti Ta TiTa ' 

0 0 

^ 0 0 ^2^^ ^3/^71 

0 0 0 z ]'^ 

satisfies R’^Rn = Xn. 

We can now prove Brehmer’s condition from Condition (j*]) without in¬ 
voking their equivalence to regularity. 

Proposition 6.7. In the case of T : —)• B{R), Condition ^ implies 

Brehmer’s condition. 

Proof. Without loss of generality, we may assume H = N. We shall proceed 
by induction on the size of J C N. 

For I J| = 1 (i.e. J = jo;}). Condition (j*j) implies T is contractive. Hence, 
Zj = I — > 0. Assuming Zj > 0 for all |J| < n, and consider the 

case when | J| = n -|- 1. By symmetry, it would suffices to show this for 
J = Jn+i = (1) 2 , • • • , n -|- 1}. 

By Proposition 16.41 Xn = RnRn where the (0,0)-entry of Rn is equal to 
1 /2 

Zj . Let Dn be a block diagonal matrix with 2"' copies of Tn+i along the 
diagonal. Condition Q implies that 

D*nXnDn = D^RnDn < Xn = R^Rn- 

Therefore, by Lemma [621 there exists a contraction Wn such that WnRn = 
RnDn. By comparing the (0, 0)-entry on both sides, there exists such 
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that where Cn is the (0,0)-entry of Wn, which must be 

contractive as well. Hence, by Lemma l6.ll and 16.21 

= Zj^ - T*^^Zj^Tn+i > 0 . 

This finishes the proof. □ 

7. Covariant Representations 

The semicrossed products of a dynamical system by Nica-covariant rep¬ 
resentations was discussed in 016], where its regularity is seen as a key to 
many results. Our result on the regularity of Nica-covariant representations 
(Theorem 14.11 and Corollary 14.2|) allows us to generalize some of the results 
to arbitrary lattice ordered abelian groups. 

Definition 7.1. A C*-dynamical system is a triple {A,a,P) where 

(1) A is a C^-algebra; 

(2) a : P ^ End(A) maps each p € P to a *-endomorphism on A; 

(3) P is a spanning cone of some group G. 

Definition 7.2. A pair (vr, P) is called a covariant pair for a C*-dynamical 
system if 

(1) TT : A —>■ B{'H) is a ^-representation; 

(2) T : P ^ B{'H) is a contractive representation of P; 

(3) Tr{a)T{s) = T{s)7r{as{a)) for all s G P and a € A. 

In particular, a covariant pair ('7r,T) is called Nica-covariant/isometric, if T 
is Nica-covariant/isometric. 

The main goal is to prove that Nica-covariant pairs on C'*-dynamical 
systems can be lifted to isometric Nica-covariant pairs. This can be seen 
from 0 Theorem 4.1.2] and Corollary 14.21 However, we shall present a 
slightly different approach by taking the advantage of the structure of lattice 
ordered abelian group. 

Theorem 7.3. Let {A,a,P) be a C*-dynamical system over a positive cone 
P of a lattice ordered abelian group G. Let tt : A —>■ B{'H) and T : P ^ 
B{Li) form a Nica-covariant pair for this G*-dynamical system. If 

V : P ^ IC is a minimal isometric dilation of T, then there is an isometric 
Nica-covariant pair {p, V) such that for all a £ A, 

PHp{a)\^ = 7r(a). 

Moreover, H is invariant for p{a). 

Proof. Fix a minimal dilation H of T and consider any h £ P, p £ P, and 
a £ A: define 

p{a)V{p)h = V{p)TT{ap{a))h 

We shall first show that this is a well defined map. First of all, since V 
is a minimal isometric dilation, the set {V{p)h} is dense in fC. Suppose 
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V{p)hi = V{s)h 2 for some p,s £ P and hi, /12 € %. It suffices to show that 
for any t £ P and h £P, we have 

(1) {V{p)7r{ap{a))hi,V{t)h) = {V{s)Tx{as{a))h 2 ,V{t)h) . 

Since A is a C^-dynamical system, it follows from the covariant condition 
7r{a)T{s) = T(s)7r(a<j(a)) that T(s)*7r(a) = TT{as{a))T{s)*. Hence, 

{V{p)'K{ap{a))hi , V{t)h) 

= {V{t)*V{p)TT{ap{a))hi,h) 

= {V{t — t A p)*V{p — t A p)'K{ap{a))hi , h) 

= (T(t — t A p)*T{p — t A p)'ii{ap{a))hi, h) 

= {'K{ap_(^_t^p)+(t-t^p) {a))T{t - t A p)*T{p - t A p)hi,h) 

= {'K{at{a))T{t — t A p)*T{p — t A p)hi, h) . 

Here we used that fact that V is regular and thus 

P'HV{t — t Ap)*V{p — t Ap)\^ = T{t — t Ap)*T{p — tAp). 

Now notice that 


T{t — t Ap)*T{p — t Ap)hi = P'uV{t — t Ap)*V{p — t Ap)hi 

= PnV{trv{p)hi. 


Similarly, 

(y{s)'a{as{a))h 2 , V{t)h) = {TT{at{a))T{t — t A s)*T{s — t A s)/i 2 , h) , 
where 


T{t-tA s)*T{s - t A s)h 2 = PnV{t)*V{s)h 2 = PnV{t)*V{p)hi. 

Therefore, p is well defined on the dense subset {V{p)h}. 

Since V(p) is isometric and tt, a are completely contractive, 

\\V{p)Tr{ap{a))h\\ = || 7 r(ap(a))/r|| < ||/i|| = \\V{p)h\\, 

and thus p{a) is contractive on {V{p)h}. Hence, p{a) can be extended to 
a contractive map on /C. Moreover, for any h £ P and a £ A, we have 
p{a)h = TT{a)h £ P, and thus P is invariant for p. For any a,b £ A, p £ P, 
and h £ P, 

p{a)p{b)V{p)h = V{p)7T{ap{a))TT{ap{b))h 
= V{p)'K{ap{ab))h 
= p{ab)V{p)h. 

Therefore, p is a contractive representation of A and thus a ^-representation. 
Now for any p,t £ P and h £P, 

p{a)V {p)V {t)h = V{p + t)-K{ap+t{a))h 

= y{p)y{t)p{otp+t{a))h 
= y{p)p{ap{a))V{t)h. 

Hence, (p, H) is an isometric Nica-covariant pair. □ 
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This lifting of contractive Nica-covariant pairs to isometric Nica-covariant 
pairs has significant implication in its associated semi-crossed product. A 
family of covariant pairs gives rise to a semi-crossed product algebra in the 
following way PE]. For a C'*-dynamical system (A, a, P), denote V{A,P) 
be the algebra of all formal polynomials q of the form 

n 

q = 

i=l 

where pi ^ P and Op. € A. The multiplication on such polynomials follows 
the rule that acg = esa{a) and CpCg = Cpg. For a covariant pair {cr,T) on 
this dynamical system, define a representation of V{A, P) by 

( n \ n 

i=l / i=l 

Now let P be a family of covariant pairs on this dynamical system. We may 
define a norm on P(A, S) by 

WpWt = sup{((T X T){p) : {a,T) G P}, 
and the semi-crossed product algebra is defined as 

Ax^P = P(A,5)"'"-^. 

In particular, A x^'^P is determined by the Nica-covariant representations, 
and Axa^’^^°P is determined by the isometric Nica-covariant representation. 
As an immediate corollary from Theorem 13.II and 17.31 

Corollary 7.4. For a C*-dynamical system (A, a, P), the semi-crossed prod¬ 
uct algebra given by Nica-covariant pairs agrees with that given by isometric 
Nica-covariant pairs. In other words, 

A P — A P 
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